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We suggest a scheme of conditional teleportation of quan- 
tum states of optical fields using squeezers and photon count- 
ing. Alice feeds the mode whose state is desired to be tele- 
ported and one mode of a two-mode squeezed vacuum into 
a parametric amplifier and detects output photon numbers. 
The result is then communicated to Bob who shifts the pho- 
ton number of his part accordingly. We show that for some 
classes of states the method can yield, with reasonable suc- 
cess probability, a teleportation fidelity close to unity. The 
method is a principally realizable modification of a recently 
proposed scheme [G.J. Milburn and S.L. Braunstein, Phys. 
Rev. A 60, 937 (1999)], where measurements of the photon- 
number difference and the phase sum are considered. 

PACS number(s): 03.67.Hk, 42.50.Ar, 42.50.Dv 



I. INTRODUCTION 

In quantum teleportation, an unknown state of a sys- 
tem is destroyed and created on another, distant sys- 
tem of the same type. The method was first suggested 
in and realized in |^ for discrete variables, namely 
photonic (polarization) qubits. Subsequently, the con- 
cept has been extended to continuous variables , and 
then reahzed experimentally to teleport a coherent state 
by means of parametrically entangled (squeezed) opti- 
cal beams and quadrature-component measurements . 
The concept of teleportation of continuous quantum vari- 
ables has been further elaborated in ||^. 

The basic requirement of quantum teleportation is that 
the two parties share an entangled state with each other. 
In continuous-variable teleportation of quantum states 
of optical field modes, a two-mode squeezed vacuum is 
suited for playing the role of the entangled state. The 
quadrature components qk and pk {[qkiPk] —h k — l,2) 
are correlated and anti-correlated, respectively, such that 
A{qi — (72) < 1 and A(pi +P2) < 1- For large squeezing, 
the correlations approach the original Einstein-Podolsky- 
Rosen (EPR) correlations (for EPR correlations in 
optical fields, see, e.g., [||J|]). 

The first scheme of teleportation that uses an op- 
tical two-mode squeezed vacuum is based on (single- 
event) quadrature-component measurements exploiting 
the above mentioned quadrature-component correlations 
Q . Later on, it has been realized that there are photon- 
number and phase correlations in a two-mode squeezed 
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FIG. 1. Teleportation scheme as explained in the first 
paragraph of Sec. 

vacuum which could also be used for a potential telepor- 
tation protocol In the scheme in it is assumed 
that a measurement of the photon-number difference and 
the phase sum of the two modes on Alice's side is per- 
formed. The obtained information is then sent to Bob 
who has to transform the quantum state of his mode 
by appropriate phase and photon-number shifting, thus 
creating the resulting teleported state. The scheme is 
conditional, as for some measured photon-number differ- 
ences the state that is desired to be teleported cannot be 
re-created by Bob. 

Unfortunately, the scheme in |l0[ requires phase mea- 
surements for which no methods have been known so far. 
Is there any hope to realize teleportation based on such 
a scheme or a related one? In this paper we suggest a 
viable modification of the scheme proposed in which 
is based on (single-event) photon-number measurements 
on the output of a parametric amplifier (squeezer). The 
scheme is also conditional, and it applies to certain classes 
of quantum states. Even though the scheme is not uni- 
versal, it can produce for some states and some mea- 
surement events higher teleportation fidelities than the 
scheme based on quadrature-component measurements 

The paper is organized as follows. In Sec. O we present 
the scheme and derive the expression for the teleported 
quantum state. In Sec. Ill we illustrate the method pre- 
senting numerical results, and we conclude in Sec. IV. 
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II. THEORY 

Let us consider the scheme sketched in Fig. |^. The 
entangled state is a two-mode squeezed vacuum produced 
by the first parametric amphfier from the vacuum state, 
a being the squeezing parameter. One of the two output 
modes of the first parametric ampHfier is then used as 
one of the input modes of the second parametric amphfier 
(squeezing parameter and the mode whose quantum 
state IV'in) is desired to be teleportcd is the other input 
mode. Ahce measures the photon numbers n and n + d 
(d> —n) at the output of the second parametric amphfier 
and communicates the result to Bob. Owing to Alice's 
measurement, the state of the mode that was sent to Bob 
from the first parametric amplifier has been projected 
onto the state iV'out)- Bob now reproduces the input state 
by means of the transformation Aji/jout) = iV'tci), where 
the operator A shifts the photon number according to 
the measured photon-number difference d. 

The three modes are initially (i.e., before they enter 
any of the parametric amplifiers) prepared in the states 
liJin), |0), and |0), where the state \ipin) that is desired to 
be teleported can be written in the Fock basis as 



IV'in) (AVIV'S, 



(1) 



After passing the parametric amplifiers and detecting n 
and n' photons in the outgoing modes (modes and 1) 
on Alice's side, the state of Bob's mode (mode 2) is 

|^out)2 = P-*o(n|i(n'|S'oi(/3)^i2(a)|Vin)o|0)i|0>2, (2) 

where P is the probability of that measurement event. 
The two-mode squeeze operator Ski{a) is given by 



kl 



{a) = exp^a" 



audi ~ oid\d\ \ , 



(3) 



with dk {d\) being the photon destruction (creation) op- 
erator of the fcth mode. It can be written in the Fock 
basis as 

fe(m| i{m'\SM{a)\n)k\n')i - 6„,-m' .r-w e^(™'^"')'^° 
^^-^(sinh|a|)"'(tanh|a|)"' 



X (-l)"'\/m!m'!n!n'! ■ 



min{m' .n' } 



E 



_7=max{0,n' — n} 



(cosh |a|)"+i 

(-sinh^lal)"'' 
j\{m' — i)\(n' — j)\{n—n' + j)\ 



(4) 



where a — |a|e*'^°. For the following it is useful to intro- 
duce the coefficients 

5'™,(d;a) = + d\i{m\Ski{a)\m' + d)k\m')i 
= fe(m| ;(m + d|5fc;(a)|m')fc|m' + d); 
= e^(™-"')'^"(-l)'"V"^!W!(m-hd)!(m'+d)! 

^ (tanh|a|)"'+-' -'"^'"'^ (~ sinh^ |a|) 

^ (coshlaD-i+i ^ j\{m-j)\{m'-j)\{d+i)\' 

(5) 



The properties of the conditional quantum state IV'out), 
Eq. (H), in which the mode 2 is prepared after the detec- 
tion of n and n' photons in the modes and 1 respec- 
tively, are qualitatively different for different sign of the 



observed difference d — 'i 



In the case when d < is 



valid, then from Eq. (I) together with Eq. (|) it follows 
that (|V'out)2 IV'out)) 

(mlV'out) - p---S^+\~d-p)S^{Q-a){m~d\^,^), (6) 
where the detection probability P is given by 

^=Ei^-^'(-'^;'3)n^o"(o;«)n(m-(ii^in)p. (7) 

m 

In the second case when d > is valid, we derive 

P-"-S';^_MP)Sl^{0-a){m-d\t,,,), m>d, 



{m\tpo 



where 



0, 



m < d, 
(8) 



P^J2 \si-Ad;msL''{0;a)\'\{m-d\ij,n)\'. (9) 

From an inspection of Eqs. (^) and (||) we see that 
when the coefficients S^^'-S^ and S"^_^S^, respectively, 
change sufficiently slowly with m, then the state IV'out), 
Eq. (g), imitates the state IV'in), Eq. (||), but with a 
shifted Fock-state expansion, where the shift parameter 
is just given by the measured photon-number difference 
d. Obviously, if d < then the state IV'out) does not 
contain any information about the Fock-state expansion 
coefficients (mlV'in) for to < |d|. With regard to telepor- 
tation, this means that the method is conditional. Suc- 
cessful teleportation of a quantum state whose Fock-state 
expansion starts with the vacuum can only be achieved 
if the number of photons detected in the mode 1 is not 
smaller than the number of photons detected in the mode 
0. This limitation is exactly of the same kind as in the 
scheme in [^: the teleportation fidelity tends sharply 
to zero as the photon-number difference exceeds some 
(state-dependent) threshold value. Examples of the co- 
efficients Sli+'^S^ are plotted in Fig. |for d = 0. 

To complete the teleportation procedure, Bob trans- 
forms the state iV'out) applying on it photon- number 
shifting. Thus, the teleported state is 



l^tol) 



where 



E^~''\4'out) ff d < 0, 
^'^IV'out) ff d > 0, 



£;-5]|n)(n+l| 



(10) 



(11) 



(i.e., the operator A in Fig. |^ is a power of _E or £^^). The 
teleportation fidelity is then given by 
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FIG. 2. The product 5;;,+'*(d; /3)5'5"(0; a) is shown for 
n=l and d — Q, and the squeezing parameters a — — 1.5 
and Q = /3 = 2. 



= KV'inlV'tcl) 



(12) 



For dj^O, the teleportation scheme requires a reahza- 
tion of the transformations E and i?^. Unfortunately, 
there has been no exact implementation of these trans- 
formations in quantum optics so far. Photon adding and 
subtracting are transformations that are very close to 
the required ones. They are based on conditional mea- 
surement and could be realized using presently available 
experimental techniques . Their use of course reduces 
the efficiency of the scheme. Thus, the scheme may be 
presently confined to the case where d = 0. 



III. RESULTS 



From Eqs (|) and (|) together with Eqs. (0) - ([T|), 
the main results can be summarized as follows, (i) 
Fock states can perfectly be teleported, i.e., the fidelity, 
Eq. (|l^, is equal to unity, which follows from the fact 
that parametric amplifiers conserve the photon-number 
difference. Therefore, high teleportation fidelities can 
also be expected for states with small photon number 
dispersion. For such states our method may be more suit- 
able than the method in Q| , where teleportation via mea- 
surement of conjugate quadrature components is real- 
ized. On the other hand, high teleportation fidelities are 
not expected for states with large mean photon number 
and large photon-number dispersion. In particular, for 
teleportation of highly excited coherent states or phase 
squeezed states the method in may be more suitable, 
(n) In comparison to the method in 1 10|, our scheme does 
not require phase shifting of the output state IV'out)- The 
squeezing parameters a and /3 can be chosen such that 

_^S^m Eqs. (I) and §), 



respectively, are real, so that the Fock-state expansion 
coefficients {m\ipout) have the same phase as the coeffi- 
cients (m — d\ijjin). (iii) A high teleportation fidelity can 
be expected, provided that the values of the coefficients 
S^'^'Sl^ and S^_^S}^ vary sufhciently slowly with ni in 
the relevant range of the Fock-state expansion of the in- 
put state IV'in)- On the other hand, in ranges where the 
coefficients change rapidly, reliable teleportation cannot 
be achieved. From Fig. || it is seen that the m-range in 
which S'^_^S^ slowly varies with m increases with the 
strength of squeezing, and thus the class of states that 
can be teleported reliably extends. 
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FIG. 3. Teleportation fidelity F (a) and success probabil- 
ity P (6) in dependence on the measured photon numbers n 
and n . The input state is 2~'^''^(ll) -|-i|3)) and the squeezing 
parameters are a — (3 = 1.5. 

In order to illustrate the method, we have calculated 
the teleported state, assuming that input state is a super- 
position of two Fock states, \4'in) = 2~^^^{\1) + i\3)) and 
equal squeezing parameters a and /? are used. Figure ^ 
presents the dependence on the detected photon num- 
bers n,n' of the teleportation fidelity F, Eq. and 
the success probability P, Eqs. (0) and (^. We observe 
that close to the diagonal (but not always directly on it) 
the fidelity reaches high values close to unity. For the 
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values of n, n' with n = n' + 2 and n = n' + 3 the fidehty is 
exactly 0.5, which indicates that the Fock state |3) was in 
the input of the second squeezer and has therefore been 
re-created in the teleportation. For the values of n, n' 
with n > n' + 3 the fidelity drops to zero and so does the 
probability: such events do not occur for the input state 
under consideration. 

To quantify the performance of the method, we have 
calculated the probability of events which yield telepor- 
tation fidelities larger than or equal to some upper value 



(13) 



i?(,j,„')>-Fu 



where P{n,n') is the success probability of detecting n 
and n' photons [Eqs. (0) and (^], and F{n,n') is the 
corresponding teleportation fidelity. In the example, we 
find that Pu~33% for Fu = 90%. Measuring (in place of n 
and n' in our scheme) the quadrature components Xq and 
Pi in the scheme in would yield (for the same input 
state and the same squeezing parameter of the entangled 
state) Pu « 23%. 

Let us consider the more realistic case where n = n' , 
so that no photon-number shifting is necessary. From 
Fig. ^ we see that with increasing strength of squeez- 
ing a higher fidelity can be realized. However, the cor- 
responding success probability decreases. In the figure, 
the overall probability of realizing a fidelity higher than 
90% is P w 1.97% for the squeezing parameters a = f3 
= 1.5, whereas for a = f3 = 2 the probability reduces to 
Pwl.06%. 

Clearly, if the input states are completely unknown, it 
cannot be predicted with what fidelity a state would be 
teleported. The scheme applies if the input states can 
be confined to a certain class of states, so that from an 
estimated fidelity it can be decided which photodetection 
results would represent a successful teleportation. 



IV. SUMMARY AND CONCLUSIONS 

We have suggested a viable modification of the telepor- 
tation scheme proposed in Our scheme avoids the 
phase sum measurement that is not realizable at present. 
It uses instead the property of a nondegenerate paramet- 
ric amplifier that the photon-number difference of the 
output beams is equal to that of the input beams. How- 
ever, the price of avoiding phase measurements is a rela- 
tively low success probability of teleportation. 

Our method and the method in which is based on 
quadrature-component measurements, may complement 
one another. So, our method is better suited to tele- 
portation of states with small photon number dispersion 
(Fock states can be teleported with fidelity equal to unity 
in principle) . The method in is more suitable for tele- 
portation of states with smooth quadrature-component 
distributions. 
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FIG. 4. Teleportation fidelity F and success probability P 
in dependence on the measured photon numbers n = n'. The 
input state is 2^^''^{\1) + i\3)) and the squeezing parameters 
are a — P — 1.5 (a), and a = /3 = 2 (6). 



Although our method is realizable in principle, there 
are several non-trivial experimental challenges. First, 
precise photodetection is needed, i.e., detectors are re- 
quired that are able to distinguish between different pho- 
ton numbers. This does not only concern Alice's mea- 
surement but also Bob's photon- number shifting, e.g., 
by means of photon adding and subtracting. Second, 
the photodetection should be sufficiently mode-selective, 
i.e, one must be able to distinguish whether an incident 
photon comes from the mode under study or from an- 
other part of the spectrum generated by the parametric 
amplifiers. A central problem in any scheme that ex- 
ploits quantum coherence is that of decoherence due to 
unavoidable losses. The effect of decoherence may be re- 
duced, if the squeezing strengths are reduced. However, 
using smaller squeezing decreases the available teleporta- 
tion fidelity, so that one has to find an optimum regime 
for the teleportation of a given class of states, the losses 
in the scheme, and the required fidelity. 
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